


Congruence. module.

Reference : "Congruence modules in higher codimension and zeta lines

in Galois cohomology. "
~

Congruence modules and the Wiles-Leastra-Diamond mumerical

criterion in higher codimension
.

"

Notation .

O : complete discrete valuation ring
To : uniformizer
A : complete Local 8-algebra
M : 5 .9. A module

x : A -> 0 map of 0 algebra.

Px== Kery c:= height Px = dim Apx
.

F"(M) : = Exty"C 0,M). If
of

Ex(M) = Coker (ExtYCO,My-> EXTYLE, M/PM) (
-

↑ Gig .
O-module .

congruence
module.

QxA) : = tors(Px/p) torsion part of cotangent module.

Thm : TFAE

① The local ring App is regular
&. The rank of the O-module Pryp is C= height Px .
③ The O-module Ex(A) is torsion
④ The 8-module Ex(M) is torsion for each fig. A

module M.



When the condition holds
,

the O-module Ex(A) is cyclic.

20 : the category whose objects are paris . (A,X) satisfying above equivalent
condition

YpCC) : subcategory of Ep consists of pairs (A , x) S
. tht(PX) = C

Lemma. For any LA , X) E [p(C) and tig. . A-module M.

Film)-> Fy(M/PM) . is injective
I

Ext, CO, M
+F

ExtO , M/PxM)
Thim

. For (NN -[0(c) , the local rig A is regular if and only if

ExLA) =0 if and only if Ex(A) = 0

⑤ structure of FACO).

The Extalgebra ExtCO, O) as graded O-algebra.
can be highly non-commutative. and infinite . However, its

torsion free quotient FYIO) has simple structure.
,

which

is an exterior algebra generated by its degree one components.

Fx/O) = Homp (Pyp ,O)

FCO) = 1 Homp (PNPY , 8).

Lemma : R10) = Extj'10, 0) = Homp (P/P , O).



Proof : we have

o -> P -> A - 0 +O

Applying Hom(- , M)

HOMALA,M) -> HomAlPx,M) -> ExtlO,M) -> EXt'(A,M)A

Iss !

Exty'10,M) = Coker (M-> HomALPx -M) .)

Take M = 0.

HomA(A, O) -> HompLPx , 8) is zero

map
&

Exty(0 , 8) = HompLPx, O) = Homp (Pyp , O)
which is already torsion free·

⑤ Freeness criterion .

For any A-module X
,
We have knneth map.

ExtRl8, x) & (M/<xM) = ExtqPLO , x) &x,M
-> EXTAYO, XM

This is functorial in X .

Take X = A and O . and torsion free quotient.



If

ExtPLO,A)@LM/PM) => Extq"10 ,8)
It
x (M/PM)
O

↓ of
Extr CO , Mytf

-

-> Extr (0, MyM)
Ef

L

The diagram above induces a natural surjective map of
O-cochles

axCM) : ExIA)"-> ExM 2= rank/M) = vankAp (Mp)
In particular , there is an equality.

Lengthp ExM) =Nilength ExIA) - Length Ker 4x(M).

Thm: 2, 19. With motation above. Further assume A Govenstein

and M is maximal Cohen-Macaulay.

Lengthp Ex(M) = 2 LengthpExIA) > ME AOW and WPx= 0 as Amodules

Def
wiles defect.

Sx(M) = rankyMs · Lengthp LCA) - Lengthp Ex(M).

plug in above formula · we have

Sx(M) = ranky (M) - 8x1A) + length, Ker (ax(M)



which tells us. Sx(M) 30 for all M if and only it 8x1A) >0

Thm :
When(A , 6) E Colc) with depthA < C+ 1 one has 3x(A) PO

The equality holds it and only if A is complete intersection.

The When depthyMT. Ct and Mp0 , one has %x(M) 30

The equality holds it and by if. A is complete intersection

and M2 AOW and WP =0


